The bound-state solutions of the Dirac equation for the screened Coulomb potential plus a ringshaped-like potential are determined using supersymmetry quantum mechanics and invariance method for arbitrary angular momentum state J. In the calculations, a proper approximate scheme for the centrifugal term is proposed and the un-normalized eigenfunctions are obtained in terms of the hypergeometric functions.
Introduction
The solutions of Schrödinger, Klein-Gordon, Dirac, Duffin-Kemmer-Petiau (DKP), and spinless Salpeter equations, due to their many applications, have been the focus of many analytical and numerical studies during the past decades [1 -12] . In the analytical approaches, powerful techniques have been applied to the wave equations including supersymmetric quantum mechanics (SUSYQM for short) [13] , Nikiforov-Uvarov method [14] , factorization method [15] , and path integral approach [16, 17] . Many authors have solved the equations for noncentral potentials in three and two dimensions such as the ringed-shaped Coulomb potential [18 -22] , some novel angle-dependent ones [23] , Hartmann potential [24] , double ring-shaped Coulomb potential [25, 26] , Pöschl-Teller double ring-shaped Coulomb potential [27, 28] , etc. The non-central potentials have been extensively studied in the literature as they provide us with a basis to study the deformation effects in ring-shaped molecules, deformed nuclei, etc.
The purpose of the present article is to solve the Dirac equation with a screened Coulomb potential plus a ring-shaped-like potential using SUSYQM [29 -31] and shape-invariance method of the form
where D represents the potential strength and α is the screening parameter [32] . The angle dependent potential V θ (θ ) is the modified angular dependent part proposed by Berkdemir et al. [33] with the absence of the cosine term in the numerator of the angular-dependent part. The potential has been used to model singular short-range potentials in atomic and molecular physics owing to the cloud of electronic charges around the nucleus in the Thomas-Fermi approximation [32, 34] .
Dirac Equation
The Dirac equation with vector potential V (r) and scalar potential S(r) in the relativistic units (h = c = 1) takes the form
where E is the relativistic energy of the system, p = −i∇ is the operator, and M is the mass of the fermionic particles. The α and β matrices are defined as
where I is the 2 × 2 unitary matrices, and the Pauli spin matrices σ i are defined as
The wave function in the Pauli-Dirac representation is given as
Substituting (3) - (5) into (2), we have the coupled equations
However, for equal vector and scalar potential, one can write (6) as
Similarly, from (7), we get
Now substituting (9) into (8), we have
where the Laplacian operator has the form
Introducing the solution
and substituting (3) and (4) into (2), we obtain
where λ = J(J +1), J = 0, 1, 2..., and m = 0, ±1, ±2....
Supersymmetric Quantum Mechanics
In the SUSUQM, we normally deal with the partner Hamiltonians [13, 29 -31] 
where
In the case of good SUSY, i.e. E 0 = 0, the ground state of the system is obtained via
where C is a normalization constant and
Next, if
where a 1 is a new set of parameters uniquely determined from the old set a 0 via the mapping F : a 0 → a 1 = F(a 0 ), and R(a 1 ) does not include x, the higher state solutions are obtained via
Therefore, this condition determines the spectrum of the bound states of the Hamiltonian
and the energy eigenfunctions of
are related via [14 -16] 
Bound-State Solutions
Equation (13) 
It should be noted that another parallel approximation frequently used in the literature is the convectional Greene-Aldrich approximation scheme [35] 1 r 2 ≈ 4α 2 e −2αr
However, for the screened Coulomb potential, we used the conventional Greene-Aldrich approximation for the singular term
Substituting (28) and (30) into (13), we arrive at
In order to solve (31), we use SUSYQM and the shape invariance concept as given above. The ground state function is given as
where W (r) is the superpotential. Substituting (36) into (31), we obtain the following Riccati equation:
(1 − e −2αr )
whereẼ 0,J is the ground-state energy. We choose the superpotential in the form
where Q 1 and Q 2 are two arbitrary constants. Substituting (38) into (37), we obtain
The supersymmetric partner potentials are given by
It can be observed that the above partner potentials satisfy the shape invariance condition given in (20) with ρ n = ρ 0 + 2α. Thus, from (20), we obtain
The energy spectrum corresponding to the supersymmetric potential V − (r) is given as
Therefore, our final eigenvalue equation for the screened Coulomb potential becomes
Thus, by inserting (33) into (46), we obtain the relativistic energy eigenvalues of the potentials as
In order to determine the radial wave function, we apply the transformation y = e −2αr to bring (31) into the form
Therefore, the wave function is determined as
where N nJ is the normalization constant.
The Angular Part
Following the same approach of the previous section, we choose the superpotential for (15) as
where a and b are constants. Therefore, the Riccati equation in this case becomes
Solving (54), we obtain the following three parameters:
Thus, we obtain the partner potentials as
where ρ 0 = a, µ 0 = b, and ρ i , µ i are functions of ρ 0 ,
. It can be shown that the shape invariance holds via a mapping of the form a → a − 1 and b → b − 1 . Thus, it can be deduced that
From (60), we obtain
The complete eigenvalue spectrum for the θ coordinate is given as
Thus, the eigenvalue for λ becomes
The corresponding wave function is obtained as
where Y (θ ) is the spherical harmonics. The total wave function for the θ coordinate can be determine as [27] 
where F(α, β , γ, x) is the hypergeometric function and x = sin 2 θ . Therefore, the total wave function ψ nJm (r, θ , ϕ) becomes 
Conclusions
In this paper, we obtained the bound state energies and the corresponding wave functions of the relativistic screened Coulomb potential plus a ringed-shaped-like potential using SUSYQM and shape invariance. Our results yield special cases of the screened Coulomb potential when δ = β = η = 0 and the Coulomb potential when α = δ = β = η = 0. Therefore, the results of this work can find applications in various branches of physics where a relativistic non-spherical quantum system is investigated.
